In this study, an analytical investigation on pressure driven flow of Powell-Eyring fluid is conducted to understand the irreversibilities due to heat transfer and viscous heating. The flow between infinitely long parallel plates is considered as fully developed and laminar with constant properties and subjected to symmetrical heat fluxes from solid boundaries. The internal heating due to viscous friction accompanies external heat transfer, that is, viscous dissipation term is to be involved in the energy equation. As a crosscheck, accuracy of analytical solutions is confirmed by a predictor-corrector numerical scheme with variable step size.
Introduction
The early twentieth century, fluid mechanics studies were restricted to the constitutive Newtonian theory that possesses a linear relationship between stress and deformation that lead to constant viscosity. However, exceptional observations of varying viscosity and unusual flow behaviors contradict the theory in consequence of deformation, especially between enough low and very high shear rates. For example, the viscosity deviates from Newtonian behavior, or namely zero shear rate viscosity, as the deformation rate increases up to the infinite shear rate at which it takes constant once again. This transition zone between the limit viscosities typically characterizes the apparent viscosity which decreases or increases within the increasing shear rate. Thus, unlike Newtonian viscosity, apparent viscosity is influenced by the rate of either deformation or shear. Fluids with a decreasing viscosity in response to applied shear rates such as paints, ketchup, and organic liquids are called as shear-thinning, whereas shear-thickening fluids exhibit continuously growing resistance to the flow, for instance, a slurry of corn starch and water mixture. Thanks to emerging of precision and robust instruments, researchers were able to obtain limit viscosities precisely to develop more accurate empirical mathematical models that would be revealed afterward and classified as the generalized Newtonian fluids [1] or GNF for short. It is now essential to clarify that GNF models which capture the only shear thinning and thickening behaviors are not based on either continuum approach or any theoretical molecular insight. Considering the fluid to be mathematically modeled, each GNF model must have a unique apparent viscosity function and embedded material constants. Thus, the mathematical complexity of a GNF depends on the number of parameters as well as the form of the function to fit the flow data. For example, most importantly, through two parameters, The Ostwald-de Waele [2] model in which apparent viscosity varies proportionally to a power-law of shear rate can predict shear thickening and thinning behavior, as well. However, it fails in the prediction of the flow of materials which behave like Newtonian fluid solely in a wide range of low and high shear rates corresponding to constant zero and limit viscosities, respectively. To overcome this situation, more sophisticated fluid models that contain distinct power-law expressions with more than two parameters such as Cross [3] , Carreau [4] or Carreau-Yasuda [5] have been proposed to predict the whole shear rate region enclosing limit viscosities as well as the power-law zone.
We previously introduced GNF models as a sub-branch of non-Newtonian fluids in brief. Furthermore, considered GNF is viscous, and besides externally exposed to heat flux. Both heat transfer and the resulting internal heat generation due to viscous dissipation are therefore not so insignificant as to be negligible, even though material constants do not vary with temperature. Although the word viscous is mostly associated with fluids, viscous dissipation exists in both solid and fluid materials due to the rate of work done for deformation. Since there must be a consistency between a GNF model and Newtonian fluid, it is worth reviewing a few Newtonian studies taking viscous dissipation into account. Considering viscous dissipation as well as wall slip conditions due to rarefaction effects, Kushwaha and Sahu [6] studied a flow throughout parallel plates with various thermal boundary conditions. Aydın and Avcı [7] reported a considerable distinction in heat transfer between fluid and considering viscous dissipation; nevertheless, an improvement was observed only for the case where fluid's temperature was higher than solid walls.
On account of design thermally efficient systems, whether fluid parameters are temperature dependent or not, it is quite essential to reconsider obtained mass and heat transfer aspects of performing second law analysis immediately after ensuring feasibility. While first law of thermodynamics accounts for energy conservation, second law deals with the irreversibilities, otherwise referred as a reason of deviation from pure thermodynamics ideality, in the system due to various heat transfer mechanisms and viscous dissipation. A proper second law analysis in flow problems relies on temperature distribution of the fluid to be obtained from the energy balance equation together with the momentum equation, responsible for velocity distribution. For the rest of the paper, we bring out entropy generation as a result of the second law analysis with an emphasize on dissipated energy because of viscous dissipation. With this objective in mind, Bejan [8] queried viscous dissipation whether to be negligible in the calculation of entropy generation throughout a few convective heat transfer problems and optimized design configurations of flow geometries to minimize irreversibilities. Accordingly, Hooman [9] reported several studies with inaccurate results, provided that viscous dissipation was not considered. Since GNF models are mathematically comprehensive in nature rather than Newtonian fluids, presentation of analytical expressions, especially those of heat transfer and entropy generation, in closed forms is not an easy task. Sounding studies [10, 11] are therefore limited to power-law fluids in which mathematical endeavors are relatively simple.
So far, our primary emphasis has been primarily given to the literature on some theoretical basis. Therefore, the intent of this study is to establish a fundamental analytical background of a GNF flow exposed to heat transfer. We have selected the Powell-Eyring model [12, 13] as an operating fluid induced by a constant pressure gradient between parallel plates subjected to symmetric uniform heat flux. Unlike empirical power-law model, with the help of three additional parameters pertaining to the time scale and viscosity constants, Powell-Eyring model can accurately describe, in turn, the transition point from zero shear viscosity to the power-law zone along with infinite shear viscosity. It has a solid theoretical background based on the kinetic theory of fluids, and therefore can readily make up for shortcomings of the power-law model that has difficulties predicting high concentration solutions and polymer concentrations. It is to be noted; however, the model still has room for progress in terms of heat transfer. To the best of our knowledge, analytical heat transfer terminology is not widely established in comparison with Newtonian and power-law fluid. This untrodden field, therefore, prompted us to study the aspects in the light of the foregoing. We may outline the research to follow a similar path given in [14] , in order, as follows; derivation of non-dimensional momentum and energy equations followed by analytical solutions of velocity and temperature profiles, ultimately numerical procedure for validation subsequent to heat transfer aspect and second law analysis.
Definition of the problem and governing equations
Consider the flow of incompressible Powell-Eyring fluid inside infinitely long parallel plates separated by a gap of width 2H, as illustrated in Figure 1 . For convenience, the pressure driven flow is steady and hydrodynamically fully developed since it is far removed from the entrance. For the rest of the analysis, the fluid properties are restricted to constant as well. The fluid is being heated or cooled symmetrically from the impermeable walls with uniform constant heat flux. It should be kept in mind that surfaces are either exposed to constant heat flux or maintained at a constant temperature, but not both. 
Equation of motion: velocity profile
Since our primary concern is velocity profile in the channel, regardless of fluid model, in the absence of body forces, equation of motion in which momentum is conserved along the longitudinal direction in rectangular coordinates reduces to * + * = 0
(1)
where and * ⁄ are the stress component in direction * on plane * and negative of pressure gradient, respectively. To proceed further, stress tensor of Powell-Eyring fluid in terms of kinetic variables included in the rate of deformation tensor ̇ is defined by
where, in turn, , and are zero shear viscosity, infinite shear viscosity and time scale parameter [13] . Instead, defining ( − ) ⁄ = 1 ⁄ and = 1 ⁄ for ease, the second term in the parenthesis is approximated as
, of course, for small deformation rates, i.e. | ̇| ≪ 1. The stress component to be substituted into the momentum equation given in Equation (1) 
The boundary conditions of interest are * ( ) = 0 ve * * (0) = 0,
that is, no-slip at the upper plate and maximum velocity at the origin due to symmetry. Scaling velocities and lengths with characteristic length and scale velocity , the equation of motion along with boundary conditions can be rewritten in non-dimensional form − + 1 = 0, (1) = 0 and (0) = 0 (7) in which = (6 ) ⁄ as a dimensionless Powell-Eyring parameter, and for convenience scale velocity is selected as = ⁄ ( * ⁄ ) besides. Applying boundary condition at the origin, it is possible to integrate Equation (7) once. Eventually, we obtain
In accordance with small parameter assumption, i.e., ≪ 1, if a regular perturbation expansion is employed in a similar manner given in [15] , the velocity distribution varying along is approximated by
which is identical to the result of [14] for Newtonian fluid, i.e., = 0. The essential point here is that the exact solution exists but not practicable to the intents of the study because of its mathematically massive form. Substituting the velocity profile into = ∫ , mean velocity, namely velocity of bulk fluid, is then = +
which, again, agrees well with [14] disregarding Powell-Eyring effects. The reader should keep in mind that either velocity profile or mean velocity could be presented in varied forms depending on definition of scale velocity used in the non-dimensionalization.
Equation of energy: temperature profile
Consider the following equation that governs conservation of energy in the steady flow of Powell Eyring fluid according to temperature gradients with viscous dissipation terms * * * = * * + * * − * * (11) in which , , are the density, specific heat and thermal conductivity, respectively. Unlike velocity profile, thermally developed temperature profile alters along with x-direction as well as y coordinate, i.e. * = * ( * , * ). This fact is deduced from the energy equation considering axial conduction term in the left side as given in Equation (11) as well. This term must be retained in the equation as long as isoflux boundary conditions are met, whereas it is not necessary for isothermal walls. However, thermally developed condition states that a nondimensional temperature profile that is invariant with axial coordinate exists under isoflux boundary conditions. Therefore, the axial gradient of the temperature profile and the mean temperature are equal to the same constant, that is [16] * * = * * = (12) in which * = * ∫ * * * .
Employing the first law of thermodynamics for the bulk blow reveals axial gradient of the mean temperature as in the following integral form * * = * + ∫ * .
Designated boundary conditions with respect to symmetrical isoflux walls and maximum temperature at the core are * * ( * , ) = and * * ( * , 0) = 0
Despite adequate number of conditions given to solve the second order differential equations, it is not possible to define specific values of both integral constants together because of the conditions just over derivatives. Supplementary condition is the variable wall temperature, i.e. * ( * , ) = * ( * ). Defining = ( * − * ) ( ⁄ ) ⁄ as a nondimensional temperature with previous nondimensional parameters besides, we can reach the following energy equation and boundary conditions in nondimensional form
subjected to ⁄ ( , 1) = 1 , ⁄ ( , 0) = 0 ( , 1) = 0 where = ( ) ⁄ is the modified Brinkman number. Brinkman number is the ratio between heat production by viscous dissipation inside fluid layers and conducted heat transfer through the fluid exposed by the walls.
Substituting the velocity profile obtained in Equation (9) into Equation (16) 
Notice that while omission of ( ) terms, we postulate that in the denominator is of (1) regardless of dependence. Based on following definition of non-dimensional temperature: The results presented so far are mainly based on conservation laws of momentum and energy. Vital formulas, especially Nusselt number, to investigate heat transfer mechanisms inside the fluid are obtained. It should be noted that second law analysis is to be considered next in connection with the results in question as well.
Second law analysis
The production of entropy conceptually clarified by the second law of thermodynamics in a system or process is associated with loss of work or waste of useful energy in accordance with Gouy Stodola theorem [17] . Therefore, advanced studies on energy efficiency are aimed specifically at minimizing entropy in thermally efficient systems. In the considered viscous flow, irreversibilities mainly emerge from the heat transfer via conduction as well as the heat generation due to the internal friction. Introducing Péclet number as = * ⁄ along with = * ( ) ⁄
and Ω = ( ) ⁄
, the non-dimensional statement of entropy generated in a flow of Powell-Eyring fluid is formed as correspond to the ratio of those generated by heat transfer to the entire. As seen from the above statement, while the number of Bejan is reaching the unity, the effect of viscous heating is suppressed, and thus vanishes in overall entropy production. In the interest of brevity as before, mean Bejan number defined in ⟨ ⟩ = ∫ is interpreted throughout rest of the paper.
Results and Discussion
In this section, the analytical results supported by numerical analysis will be interpreted through figures and tables. Obtaining the first derivative of the velocity the wall from Equation (8), we therefore treat the system with an IVP solver which is Level 4 and 5 Runge-Kutta-Fehlberg, namely RKF-45 instead of a finite difference scheme.
As shown in Figure 2 , the non-Newtonian fluid property is directly proportional to the fluid velocity, and, more clearly, the increase in velocity indicates increasing Powell-Eyring attributes. This observation indicates that flow becomes more uniform over the flow cross-section in much the same manner as shear thinning fluids as long as the constitutive equation assumption defined in Equation (3) prevails. Besides, the analytical solutions based on small parameter assumption inherently diverge from those of numerical as increases. The temperature of the fluid is apparently insensitive to variation of non-dimensional Powell-Eyring parameter but nevertheless has inconsiderable decrease over its maximum value at the center of the channel as barely shown in Figure 3 . This behavior may be similarly related to the fact of temperature decrease as the fluid gets uniformly thinner [10] . Accuracy of analytical solutions throughout Critical Brinkman numbers corresponding to increasing ε are given in Table 1 . Besides, as Powell-Eyring effects become important, critical Brinkman numbers are shifted towards the infinity. To see when irreversibilities emerge considerably and acquire some insight into their nature as well,
we here resort to graphs as before. Figure 7 depicts the variation of mean entropy, in other words, aggregate or total entropy, with respect to Brinkman numbers for Newtonian and Powell-Eyring fluids. The optimal Brinkman number gap where total entropy production is relatively weak, and in addition, without any variation related through occupies a quite close vicinity of the non-viscous case. Second, beyond this region towards larger Brinkman numbers, increasing values stimulate the entropy generation growth gradually. Since longitudinal heat conduction term is inversely proportional to the square of Pé, its contribution immediately vanishes as Pé increases and therefore the mean entropy decreases. When considering a large enough Pé, such as order of 10 2 , which indicates zero contribution by longitudinal heat conduction, the mean entropy becomes insensitive to the variation of Pé numbers as numerically tabulated in Table 2 . The concept of Bejan number offers us an opportunity of simultaneous consideration of heat transfer and viscous heating over the entropy production. By varying Brinkman number primarily on the horizontal axis and secondarily for increasing values as well, variations of Bejan number are plotted in Figure 8 . Regardless of , the contribution of Brinkman number is, in fact, involved in the total entropy production by both viscous heating directly and temperature gradients indirectly. Reconsidering Figure 8 in view of this fact, in the range of Brinkman number from the zero towards the infinity, Bejan number takes the unity initially, and then, however, exhibits a rapid decrease followed by an inverse peak at a certain Brinkman number. This trend that is apparently insensitive to Be the variation of terminates at the lower extremity when the domination of viscous dissipation over total entropy production expires. Passing a local minimum of Bejan number, curves get to increase with decreasing momentum and subsequently converge to the unity which manifests that the entropy production mainly arises from temperature gradients instead of viscous dissipation. Also, the dependence of is easily visible as compared to the left interest of the minimum. We can, therefore, state that as increases, Bejan numbers expose slight increments. 
Conclusions
Considering a GNF model, the principal objective of this study is to reinforce the concept of non-Newtonian fluids in terms of heat transfer aspects and hereby the second law of thermodynamics. Newtonian Nusselt number expression peculiar to our flow geometry are extended to Powell-Eyring fluid mode for the first time in the scope of this study. In sum, the chief results pursuing the layout of the study are the following.  As Powell-Eyring parameter increases, the fluid gains velocity uniformly throughout the cross section of the channel.  Maximum temperature occurring at the core due to symmetry decreases in the presence of increasing Powell-Eyring parameter and accordingly a slight decrease in non-dimensional temperature.  Nusselt number monotonically declines with Powell-Eyring parameter increasing in a short range, i.e. 0 < ≤ 0.1 .  Nusselt numbers converge to the infinity at critical Brinkman numbers, whereas, decrease as Brinkman number increase.  Although entropy production increases with increasing Powell-Eyring parameter, this fact is, indeed, valid for Brinkman numbers sufficiently far from the non-viscous case, i.e. = 0, otherwise almost no variance.  As Powell-Eyring parameter increases, Bejan number increases insignificantly, whereas Brinkman number alters Bejan number in a peculiar manner; in other words, Bejan number exhibits a lower extremity between rapid decrease and increase as Brinkman number increase. Although a comprehensive investigation has been made, further studies can expand the scope into farther GNA models, hydrodynamic and thermal considerations. And besides, more general solution procedures can be constructed as a consequence of revising simplifying assumptions.
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